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Nonplanar crack growth holds a critical role in aeronautical structures, necessitating effec-
tive analysis under mixed fatigue loading to assess structural integrity. This study introduces
areduced-order modeling (ROM) method for predicting nonplanar crack growth in structural
digital twins. The method’s advantage lies in its representation of the entire crack surface
morphology using a B-spline surface, which better captures its impact on crack growth. The
symmetric Galerkin boundary element method - finite element method coupling method is
adopted as a full-order method to generate the crack database. Isoparametric coordinates of
the crack surface and stress intensity factor serve as input and output, respectively, for train-
ing the ROM, which integrates K-mean clustering, principal component analysis, and Gaus-
sian process regression. The proposed approach is demonstrated using a rotorcraft mast-like
component. Results reveal superior fracture mechanics parameter prediction compared to the
crack-front-based ROM. Furthermore, the method boasts three orders of magnitude greater
efficiency than full-order simulation, enabling its coupling with approaches like Monte Carlo
for probabilistic crack growth analysis. Future work entails integrating our method into the

probabilistic framework of digital twins.

Nomenclature

= mode I stress intensity factor
= mode II stress intensity factor
= equivalent stress intensity factor

= crack growth angle
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C, m = parameters in the modified Paris law

u, v = coordinate directions on the B-spline surface parameter space
u,v = node vectors in the directions of # and v

Nip = the i;;, order basis function with polynomial order p

P = control point

D = given data point

a = crack length

B, T = applied bending moment and torque

Bpases Thase = benchmark loads of bending moments and torques

Ki1.Bpoeor Ki1,By,... = stressintensity factors under Bpgge

Kityer Ki1, 1., = stressintensity factors under Tp45e

ter = unit vector tangent to the front edge of the crack surface

ncy = unit vector normal to the crack front and tangent to the crack surface
Reg = unit binormal vector normal to the crack surface

ey, e, e3 = global coordinate system

C = spatial coordinates of a crack surface

EK;» €Ky = prediction error of K; and Kjy

ed = prediction error of crack growth

0 = crack surface angle

e = prediction error of crack surface angle

I. Introduction

Fatigue fracture is a common failure mode in aeronautical structures. Variances in fatigue crack shapes and sizes
can arise due to mission histories within similar component types across diverse aircraft in a fleet [1]. Accurate fatigue
crack growth prediction is essential for determining the remaining useful life and supporting inspection and maintenance
decisions [2]. The U.S. Air Force has been funding research on airframe digital twins (ADT) since 2010 [3]. ADT
provides proactive fleet maintenance support by creating multiphysics, multiscale, and probabilistic virtual models of
built systems. The National Research Council of Canada also proposed probabilistic lifetime usage monitoring for
helicopters [4], which can be considered a precursor to the concept of helicopter digital twins. The probabilistic nature
of digital twins highlights the need for efficient crack growth analysis, which can be integrated into the digital twin’s
probabilistic framework to support real-time diagnosis and prognosis [5—-10].

In contrast to aircraft structures, helicopter structures, such as rotor shafts and hubs, typically experience mixed



fatigue loads [11], resulting in a mixed-mode stress field near the crack front of damaged components [12]. This
phenomenon leads to non-planar, three-dimensional crack growth, culminating in structural failure. Several methods,
including three-dimensional finite element analysis, extended finite element analysis with enriched basis functions [13—
16], and meshless methods [17, 18], have been developed to simulate this behavior. Despite their capacity to simulate
non-planar crack growth, these methods still entail considerable time expenditure in the context of probabilistic crack
growth analysis involving numerous queries.

ROM [19-23] can be leveraged to overcome the previously outlined limitations, effectively acting as a viable alter-
native to high-fidelity models, while upholding a requisite level of accuracy. ROMs can be used to predict the crack
growth, given the current crack surface shape and load history [24, 25]. Ananthasayanam et al. [26] used Bayesian
hybrid modeling to establish the relationship between the semi-elliptical crack size parameters and the stress intensity
factor (SIF) Ky and used it for the fast prediction of in-plane crack growth. Spear et al. [27] trained a reduced-order
model with an artificial neural network using parameters from discrete damage sources on the stiffened panel as inputs,
with residual strength as outputs.

Constructing ROMs for predicting non-planar crack growth faces two main challenges. Firstly, crack growth evolu-
tion is a complex nonlinear process influenced by the current load and crack surface shape. Secondly, accurately repre-
senting crack surfaces parametrically is difficult due to their arbitrary spatial distribution. Presently, existing ROMs for
crack growth prediction primarily focus on simple crack types or the spatial position of the crack front [5, 11, 24, 25],
limiting the input range and potentially resulting in inadequate SIF predictions for non-planar cracks. Methods such
as Bézier surfaces [28-30], B-spline surfaces [31-33], and NURBS surfaces [34-36], which are commonly used in
the field of computer graphics, may be able to represent crack surfaces. However, even with the integration of a B-
spline representation of crack geometry into the extended finite element method framework by Hectors and Waele [37],
simulations still remain computationally intensive. Hence, an efficient ROM that accounts for the entire crack surface
morphology in predicting non-planar crack growth is desired.

This paper introduces a novel reduced-order modeling approach for predicting non-planar crack growth that con-
siders the shape of the crack surface. The approach’s novelty lies in using a B-spline surface [38] to represent the crack
surface and equidistant sampling of isoparametric nodes, resulting in a unified parameterization of the crack surface for
ROM construction. This approach better captures the overall shape of the crack surface and its effect on crack growth
compared to existing crack front-based methods.

The proposed method comprises two distinct stages. In the offline stage, a database featuring diverse crack surface
shapes is generated through the symmetric Galerkin boundary element method - finite element method (SGBEM-FEM)
coupling method [39-41]. This method effectively computes the SIFs of crack surfaces represented by B-spline tech-
niques. Subsequently, the gathered samples undergo clustering through the K-means algorithm, and the isoparametric

coordinates are transformed to a low-dimensional representation using the principal component analysis (PCA). Finally,



ROMs incorporating Gaussian process regression are trained for each cluster. In this context, the low-dimensional crack
surface representation serves as the input, and the SIFs as the output. It is noteworthy that other full-order fracture me-
chanics simulation techniques remain applicable for the database generation, given the non-intrusive nature of the ROM
construction. In the near-real-time prediction stage, the most suitable ROM is selected based on its proximity to the
current crack shape. The predicted SIFs K; and K;;, along with the selected crack growth model, are then used to
compute the increment and direction of crack growth.

The efficacy of the proposed method is demonstrated through its application to a cylindrical component reminis-
cent of a rotorcraft mast. The obtained results substantiate that, in comparison to the prevailing crack front curve-based
reduced-order model, the proposed approach exhibits an enhanced capability to accurately predict stress intensity fac-
tors and anticipate crack growth. This efficacy emanates from the method’s comprehensive consideration of the entire
crack surface morphology. Furthermore, in contrast to established full-order simulation techniques, the computational
efficiency of the proposed reduced-order model-based approach is remarkably elevated by three orders of magnitude.
This gain in efficiency provides the method with the potential to be seamlessly integrated with Monte Carlo methods,
affording a platform for conducting probabilistic crack growth analysis. This, in turn, lays the groundwork for fur-
nishing the digital twin framework with a simulation foundation. Nonetheless, it is essential to acknowledge that the
complexity inherent in the diverse forms of variation exhibited by crack surfaces in three-dimensional space presents a
formidable challenge. Consequently, at this juncture, the undertaking of performing reduced-order modeling for such
arbitrary non-planar crack growth patterns, with only a constrained set of training samples, remains notably intricate.

The subsequent sections of this paper are structured as follows: In Section II, we describe the crack surface rep-
resentation method based on B-spline surfaces and the procedure for computing non-planar crack growth utilizing an
SGBEM-FEM assembly coupling method. Section III delves into the detailed process of training the reduced-order
models, encompassing the utilization of principal component analysis to diminish the dimensionality of crack sur-
face representations, coupled with Gaussian process regression for ROM training. In Section IV, the non-planar crack
growth calculated using the proposed method is compared with that obtained using the SGBEM-FEM coupling method
to demonstrate the accuracy of the proposed method. Additionally, we perform a probabilistic crack growth analysis
through integration with the Monte Carlo method. Finally, in Section V, we summarize our study and outline avenues

for potential future exploration.

I1. B-spline-based Crack Surface Representation and Automatic Generation of the Crack
Database

The process of generating a crack database intended for ROM training constitutes the most time-consuming and
labor-intensive phase within the offline stage. This section outlines a systematic approach aimed at achieving the au-

tomatic and efficient generation of a database tailored for non-planar cracks. The section begins with the introduction



of the representation of the non-planar crack surface through the utilization of B-spline methodology, followed by the
computation of the SIF facilitated by SGBEM-FEM fracture mechanics simulation. The methodology for processing
the load variations and determining the crack growth direction and increment is also discussed. All these steps are inte-
grated into a comprehensive workflow engineered to produce a database of crack samples characterized by parametric

representations and simulated SIF values.

A. B-spline-based Non-planar Crack Surface Representation

In this study, the establishment of a consistent parametric representation across a range of curved and non-uniform
crack surfaces within three-dimensional models is addressed. To achieve this, the characterization of crack surfaces is
undertaken through the utilization of B-spline surfaces. This approach guarantees a consistent inter-node distance along
the crack front during the generation of crack surface meshes in the offline stage as well as throughout the process of
crack growth in the near-real-time prediction phase. This consistency holds significance as it maintains the coherence
between node coordinates and the geometric configuration of the crack surface. With regard to the crack front, the
uniform spacing engenders a distinctive alignment of stress intensity factors projected by the ROMs onto the node
coordinates situated along the crack front. Such a distinctive alignment, in turn, facilitates the accurate determination
of both the increment and the direction of crack growth.

A B-spline surface is a mathematical representation that maps a two-dimensional parameter space (u,v) (0 < u <
1, 0 <v < 1) onto a three-dimensional surface [34, 37]. The shape of the surface is determined by the tensor product
of a set of basis functions and a collection of control points spanning three dimensions.

A knot vector, denoted as U = {ul, Uy, -+ ,un+p+1}, is a sequence of real numbers that ascend monotonically,
fulfilling the condition u; € [0,1] fori = 1,2,--- ,n+ p + 1, where n represents the count of basis functions in the u
direction and p denotes the polynomial order. The basis functions are defined by the Cox-deBoor recursive formula [34],

with a piecewise constant starting when p = 0:

1w e [u,uinl
Nio(u) = (D
0 otherwise

The i;j, order basis function N; ,, (1) with polynomial order p is obtained recursively by:

U—Uu; Uirp+1 — U

_Ni,p—l(u) +

i+p — Ui Uitp+1 — Ui+l

Nip(u) = » Nit1,p-1(u) ()

Based on n basis functions N; ,, (#) and their corresponding control points P;, a B-spline curve can be obtained by



the linear combination of these basis functions:

Cu) = Y Nip(u)P; 3)

i=1

Similarly, based on a two-dimensional parameter space (#, v) and a bidirectional control points grid P; ;, a B-spline

surface with polynomial order p in the u-direction and polynomial order ¢ in the v-direction can be obtained as:

S,v) = > > Nip(N; (WP 5 @

i=1 j=1

where N; ,, (1) and N 4 (v) are basis functions defined on knot vectors U = {uy,uz, -+ ,pspe1 fandV = {vi,va, -+, vinager

respectively. Fig. 1 shows a typical B-spline surface S(u, v) determined by a 4 X 3 control points grid and polynomial

orders of 3 and 2 in the u and v directions, and the corresponding B-spline curves for u = 0 and v = 0 in S(u, v).
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Control points --=-Control points
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+ Surface

The B-spline curve where v €
[0,1] and u = 0 in S(u, v)
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[0,1] and v = 0 in S(u, v) at each direction

Fig.1 A typical B-spline surface S(u, v) and the corresponding B-spline curves for # = 0 and v = 0 in S(u, v).

,D,) on a B-spline curve, the parameter u; corresponding to the &,

Conversely, given n data points (D1, D5, -
data point D can be obtained using various techniques, including the uniformly spaced method, the chord length

method, or the centripetal method. To illustrate, the centripetal method can be employed to compute the parameter as



outlined below:

u =0 (5)
B Z{;l |Div1 — D;|*
2?2_11 |Div1 — D;|*

Uy (k=2,3,---,n—-1) 6)

up =1 (N

where the exponent value a is typically chosen to be 0.5.

Combined with Eq. (3), the following equation can be obtained:

n
Di=C(u) =) Nip )P (k=12 ,n) @®)
i=1
With Dy and N; , (uy) being known, and Py, Py, - - - , P, derivable through matrix operations, a B-spline curve can
be sequentially determined, encompassing all these data points, based on the provided data points (D, D3, -, Dy)

and the polynomial order p. In a similar vein, when confronted with a grid consisting of (n + 1) X (m + 1) data points
across a surface, as well as specific polynomial orders (p, ¢), an analogous approach can be employed to ascertain a
B-spline surface that sequentially passes through all the designated data points in the given order employing the similar

methods [34, 38].

B. A Rotorcraft-mast-type Structure and Its Multiaxial Load Profile

In order to comprehensively elucidate the proposed methodology, a two-radius hollow cylindrical component is
adopted as an example. This component bears resemblance to a rotorcraft mast presented in [11]. The material proper-
ties and geometric properties of the component are detailed in Table 1 and Table 2, respectively. The fillet area of the
component is assumed to contain a pre-defined circular crack with a radius of 1.27 mm. The uncracked structure and
the crack surface were discretized into finite elements using MSC/Patran, as illustrated in Fig. 2. In the context of the
crack surface, the predefined initial crack is manifested as a flat circular region, with the surrounding annular region

denoting the area of crack growth.

Table 1 Material properties

Aluminum 7075-T6

Modulus of elasticity (E) 72 GPa

Poisson ratio (v) 0.32
Yield stress (o) 450 M Pa
Ultimate stress (o) 510 MPa

Five different combinations of bending moment and torque are assumed to simulate the multiaxial load borne by the



Table 2 Geometric properties

Cylinder properties
Length 152 mm
Inside radius 7.62 mm

Thicker outside radius ~ 20.3 mm
Thinner outside radius  15.24 mm

Embedded crack surface elements

Finite elements of uncracked structure

Fig. 2 Meshes of the uncracked structure and crack surface.



component during service, as listed in Table 3. For multiple rotorcraft of the same type, the courses of these bending
moments and torques are different due to their mission variations. Table 4 shows 15 different bending moment and
torque histories. Each load history includes 8 load blocks, which are randomly sampled from the 5 possible bending
moment and torque combinations listed in Table 3. An appropriate number of cycles is set for each load block to ensure
that the crack growth reaches a sufficient level after experiencing that load block. A typical case of load history 12 is

shown in Fig. 3.

Table 3 Description of bending moment and torque

Load type  Bending moment (N - m)  Torque (N - m)

1 198 395
2 226 282
3 254 169
4 282 56

5 282 395

Table 4 Different load histories

Load history  Load type

1 3 4 5 5 5 4 2 2
2 5 5 4 3 2 2 2 1
3 5 51 4 3 3 1 5
4 4 1 2 2 4 1 3 1
5 4 4 4 5 3 1 4 5
6 4 2 5 4 5 1 2 5
7 5 5 3 2 5 3 2 5
8 32 3 5 4 4 5 5
9 4 5 3 3 1 3 5 2
10 31 1 4 5 4 5 3
11 52 1 2 1 3 1 4
12 2 3 4 2 2 1 4 4
13 5 4 3 3 4 2 4 2
14 34 2 4 4 1 4 3
15 55 2 1 5 1 5 2

C. Isoparametric representation of the crack surface

In this study, the B-spline surface, as described in Section II. A, is utilized to represent the annular region encircling
the initial circular crack, which is the locus of subsequent crack growth. The radial and circumferential directions of
the annular surface are denoted as u and v, respectively, as illustrated in Fig. 4a. The polynomial orders for the u and
v directions are set to 1 and 3, respectively. The corner nodes and circumferential middle nodes of the elements are

recognized as known data points on the surface, as visually indicated in Fig. 4b.
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Fig. 3 A typical load history.

@ corner node

e circumferential middle node

(a) Setting of u and v directions of an annular (b) Setting of known data points.
surface.

Fig. 4 Settings of orientations and known data points for an annular surface.
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Using these designated data points and the polynomial orders defined in both directions, the B-spline representation
of the surface is established by employing the open-source modeling framework NURBS-Python [38]. Subsequently,
isoparametric nodes are uniformly sampled on the B-spline surface, adhering to the u and v directions. Assuming that
the annular surface is divided into N elements in the circumferential direction, for the k,;, crack growth, the known

data points are arranged into a grid of (k + 1) X 2N, where k + 1 and 2N are the number of data points corresponding

to the u direction and v direction, respectively. All the combination of elements (u;, v ;) from sets U = {0, %, %, -, 13
and V = {0, 2]\,1—_1, ﬁ -+, 1} are substituted into the obtained B-spline surface S (u,v). Consequently, a uniform

representation of the crack surface, possessing (k + 1) X 2N isoparametric nodes, is attained.

D. SGBEM-FEM Coupling Simulation and Linear Superposition to Calculate the Stress Intensity Factor

To create a fracture mechanics database, an effective simulation method, the SGBEM super element-FEM coupling
method, has been adopted in this study. This method involves the direct assembly of an SGBEM “super element”, char-
acterizing a local subdomain encompassing arbitrary cracks, with the finite elements representing an uncracked struc-
ture, facilitated by a stiffness matrix. The SGBEM employed to model the local crack subdomain exhibits a remarkable
capacity to accurately capture the stress and strain singularities present at the crack front. This method further permits
the utilization of coarser finite element meshes for most regions without cracks and obviates the need for intricate mesh
subdivisions in proximity to the crack front. One noteworthy advantage of this approach lies in the separation of the
modeling tasks between FEM and SGBEM models, necessitating only a single FEM model. This division enables
a concentrated focus on modeling crack samples of varied shapes. However, it’s essential to acknowledge that alter-
native full-order fracture mechanics simulation techniques can be applied for the purpose of generating the database,
considering the non-intrusive nature of ROM construction.

To facilitate the creation of crack surface meshes, the isoparametric B-Spline representation of the crack surface
is exported as a stereolithography (STL) file. This file format can subsequently be imported into MSC/Patran for

the purpose of mesh generation. The corner nodes and middle nodes of the outermost elements are aligned with the

isoparametric nodes along the front curve of the B-Spline crack surface, that is, S (u;,v;) with u; = 1 and v; =
0, ﬁ, Wz—l’ -+, 1, through the method of editing elements. Fig. 5 visually delineates the progression of generating

crack surface elements with uniformly distributed front edge nodes within MSC/Patran. This is achieved starting from
the known data points, which are not inherently uniformly distributed.

The generated crack surface elements and the finite element model of the uncracked structure are input into the
SGBEM-FEM coupling program, which allows for the calculation of K; and Kj; at each isoparametric node on the
crack front. The procedural workflow is graphically presented in Fig. 6, and its essence can be succinctly summarized
as follows:

1) Partition the finite elements of the uncracked structure.

11
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Fig. 5 The formation process of crack surface elements with uniformly distributed front edge nodes.
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2) Isolate the finite elements of the localized region near the crack.

3) Eliminate internal nodes from the extracted finite elements, reconstructing them into two-dimensional boundary
elements featuring exclusively external surfaces.

4) Integrate the generated two-dimensional boundary elements and crack surface elements in accordance with the
actual crack position within the structure. These components collectively constitute the SGBEM super element.

5) Assemble the super element and the uncracked structure’s finite elements via the stiffness matrix, creating an

analytical model to which fatigue loads are applied for fracture analysis.

LT T Tt
1
2) Finite element L3 !
of the region : i
near the crack ! :
1 1
I e e e e e e e e e e e e e e e e e ———_— e e 1
Coupling

Finite element model of
uncracked structure

S)

Analysis Model

Stress intensity factors K, and K,

Fig. 6 Calculation of stress intensity factors based on the SGBEM-FEM coupling method.

13



An essential consideration pertains to the influence of load variations on the simulation outcomes. Previous schol-
arly endeavors have delved into the incorporation of bending moment and torque as inputs to ROMs for the prognosis
of crack growth [11]. However, it is noteworthy that, in the realm of linear elastic fracture mechanics, the SIFs maintain
linear proportionality to the applied loads. This characteristic renders it feasible to disentangle the load factor from
the SIF calculations, thereby bolstering the precision and efficiency of the ROM training procedure. In our study, we
embrace the benchmark load method [5] as the basis for SIF computation. As both K; and Kj; are linearly related to
the bending moment or torque, K; and K;; under any bending moment B and torque 7 can be obtained by the linear

superposition principle:

K =K 5 ik ! )
1= I,Bpase Bbase LThase Tbase
B T
KII = KII,Bl)use— +KII’Tbase_ (10)
Bpase Thase

where Bpgs. and Tp 450 are benchmark loads for bending moment and torque, respectively, which are set as the maximum
values 282 N - m and 395 N - m in Table 3. K; 5, ... Ki11.B,,.,.- KI1,1},,.s. a0d Kj1.7,,., are SIFs calculated under the
benchmark loads. In the subsequent crack growth calculation, the reference loads Bpgse and Tpqse are applied to the
finite element model representing the uncracked structure, and then K; and K;; under the current bending moment B

and torque T are calculated according to Egs. (9)-(10).

E. Determination of the Non-planar Crack Growth Direction and Rate

In this paper, the maximum tangential stress criterion [42, 43] is adopted to determine the direction of crack growth.
For determining the magnitude of crack growth increment, a modified Paris law [43] with specific parameters C =
6.54F — 13 and m = 3.8863 is adopted. An inherent advantage of the proposed approach lies in its direct prediction
of SIFs as opposed to forecasting the subsequent crack location. This feature renders seamless integration with other
criteria governing crack growth direction and models pertinent to crack growth, making it adaptable to real-world
contexts.

The crack growth angle « and rate j—l‘\‘, can be determined using the formulations as follows:

2 / 4 252
| 3K11+ KI+8K,K”

a = sign (—Kjy) cos™ (11)
K? +9K?%,
1/4
Kers = (K7 +8K7;) (12)
da m
— =C(AK 13
v = € (8Kesp) (13)

To enhance the efficiency of the calculations while ensuring accuracy, the crack growth increment is calculated by
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Aa = dy j—]‘\’], where dy, is the load block increment defined by the user [11].

In order to calculate the subsequent crack growth, a transformation from the local coordinate system to the global
coordinate system is required. The local coordinate system is defined by the unit vectors £. ¢, n.r, and ns [37], where
t.r is the unit vector tangent to the front edge of the crack, n. ¢ is the unit vector normal to the crack front and tangent
to the crack surface, and n. is the unit binormal vector normal to the crack surface, as shown in Fig. 7. In the local
coordinate system, the increment at one node is expressed as Adjycq; = [0 da - cos @ da - sina].

For the i;;, isoparametric node, the corresponding ¢, ¢ ; and n. s ; can be obtained by finding the first partial deriva-
tive of the surface equation S(u,v) (According to the setting, u; = 1,v; = Z‘N;ll at the i;;, isoparametric node at the

crack front):

oo i-l
u=l,v=75"7

%S(u,v)|

nefi (14)

XU —
%S(u,v)\

— __i—1
u=l,v=5"+

lefi = (15)

D] p—

The corresponding binormal vector n. ; then be obtained by:

_ Reyi ><tcf,i (16)
Reyri ><tcf,i

Resi

Crack front

Fig. 7 Local coordinate system at the crack front.

The global coordinate system is expressed as (eq, e;, e3), and the crack growth increment is transformed to the

global coordinate system by:

ter-ey tep-e teyp-e3

Aagl()hul =Aajocal Rcf-€1 Ncf-€y Nef-e3 a7)

Res - €] Res - €2 Reg - €3
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F. Workflow of the Crack Database Generation

Due to the diverse variations of crack surfaces in 3D space, implementing the parametric sampling method to
generate crack samples [5] is difficult. Therefore, in this study, samples are generated through multiple complete crack
growth simulations by pre-defining the variations in the load spectrum. The flow chart of the entire process of non-

planar crack growth is depicted in Fig. 8.

| Initial circular crack surface |

l

Finite element model of -
the uncracked structure -.| SGBEM-FEM coupling program |'7

Calculate the K; and K, at
isoparametric nodes of the crack front
Determine the crack growth
increment and direction

I

New crack surface with non- Mesh the new
isoparametric nodes crack surface in
| MSC/Patran

Interpolate the B-Spline surface by the
NURBS-Python
|
Obtain the isoparametric nodes of B-
Spline crack surface & (tcr, Ncr, Nes)
at the crack front

Reach the specified
number of crack growth

Fig. 8 The flowchart of the full-order simulation of the non-planar crack growth based on B-spline surface
representation.

Starting from the initial crack represented by an isoparametric representation, the SGBEM-FEM coupling program
is invoked to simulate the SIFs K; and K;;. The SIFs are then utilized to generate the crack growth direction and
increment, as described in Section II.E. The local coordinate systems are calculated, and the coordinates of new nodes
generated by crack growth are added to the previous crack surface, creating a new surface. Subsequently, this freshly
created surface is subjected to interpolation, which involves B-Spline surface interpolation, culminating in the estab-
lishment of an updated isoparametric representation. This updated representation, in turn, is harnessed to generate an
augmented crack surface model, priming it for the forthcoming fracture mechanics simulation. This iterative process
continues until the predetermined count of crack growth increments has been achieved.

By altering the number of cycles per load type, each load history listed in Table 4 can be utilized to calculate

16



different crack growth histories, each containing 7 crack surfaces. All the crack surfaces, along with their isoparametric

coordinates and the calculated K; and K;;, were then used for the training of the ROMs.

III. ROMs training for fracture mechanics parameter prediction
In this section, the ROMs designed to forecast the SIFs along the crack front are formulated, utilizing the crack
database created in the preceding section. The ROMs take as input the isoparametric coordinates of the B-Spline crack
surface and yield as output the K; and K;; values at the isoparametric nodes situated along the crack front. With due
regard to both bending and torque loads and encompassing two distinct SIF categories, a total of four distinct ROMs

are established. These models are mathematically expressed as follows:

KIaBbuse = MIstuse (C) (18)
KI,Thase = MIaTbase (C) (19)
KIIaBbuse = MIIaBbuse (C) (20)
Kll,Tbase = MII;Tbase (C) (21)

where K7 g, . .. K17, .00 » Ki1,Bpuse » Ki1,T,0s. TEPTEsent the reference values of the SIFs under benchmark loads By e
and Tpase, Mi,Bposes MITpaser MilBpaser Mi1.Tp0s. TePresent the corresponding ROMs, respectively, C represents
the isoparametric coordinates of the crack surface.

The process of constructing the ROMs involves three steps: division of samples using clustering algorithms, re-
duction of input dimensionality through principal component analysis, and training of surrogate models via Gaussian
process regression.

Given that the samples in the database may not be uniformly distributed in the parameter space, as shown in Fig. 9,
the K-means algorithm, a widely used clustering method, as described in Hartigan and Wong [44] is adopted here. The
configuration stipulates the generation of 12 clusters, with a cap of 500 rounds for the maximum number of iterations
across all crack samples. Further discourse concerning the particulars of the clustering algorithm’s configuration is
available in the Appendix. In the stage of near-real-time prediction, the distance between the current crack surface and
the mean vector pertaining to each cluster is computed. Subsequently, the cluster exhibiting the minimal distance is
selected, signifying its compatibility with the current crack surface. The trained ROMs associated with that cluster are
then used to predict the fracture mechanics parameters of the crack surface.

Although the crack surface can be characterized by the isoparametric nodes based on B-spline surfaces, using them
directly as inputs to the ROMs would greatly increase the training burden due to the large number of nodes. To mitigate

this, PCA 1is used to project the coordinates of these isoparametric nodes into a lower-dimensional latent space. In this
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paper, the retained variance should not be less than 99.99% when using PCA for projection. Additionally, facilitated
by PCA, we present in Fig. 9 the depiction of classes generated through the K-means clustering algorithm, within a
two-dimensional latent space formed by the first two principal components. Distinct classes are discernible by virtue of
distinct colors. Evidently, the K-means algorithm classifies all samples into various clusters, drawing upon the spatial

distribution of the sample coordinates.
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Fig. 9 Clustering by K-means algorithm (Displayed in two-dimensional PCA latent space).

The Gaussian process regression [45, 46] is used as the regression method for training ROMs. In this context, the
mean function is established as zero, while the covariance function adopts the form of a squared exponential covariance
function. The likelihood function is configured as a Gaussian likelihood function, and the inference method pertains
to regression under the Gaussian likelihood. These parameter settings have been subjected to verification, affirming
their capacity to yield the requisite training precision. The corresponding coordinates of the crack surface in the latent
space are used as the input of the ROMs, and the output is K; and K;; at the front edges.

According to the 75%/25% division principle, a designated number of samples is randomly chosen from each
class, and the selected samples constitute the training set. Conversely, the remaining samples form the test set, thereby
enabling the training of the ROMs. The errors are defined as follows (relative error is not used for K;; due to the

proximity of some values to zero, potentially yielding extremely large relative errors and a loss of reference values):

9 Ns
Z Z y” y”‘ (22)
NS i=1 j=1 Yij
q NS
€Ky = Ns Z iyU Yt]| (23)

i=1 j=1

where Nj is the number of samples in the test set, ¢ is the number of isoparametric nodes of the crack front, y represents



the results calculated by the SGBEM-FEM coupling program, and § is the corresponding result predicted by the ROMs.
The errors for each cluster are summarized in Table 5.

Table 5 Summary of test errors for stress intensity factor prediction using the ROMs

Cluster number ~ The number of samples  ex, (%)  &k,, (M Pa+m)

1 261 0.77 0.0334
2 10 6.15 0.3052
3 69 3.71 0.1273
4 12 1.16 0.0454
5 22 6.01 0.3790
6 375 3.73 0.2553
7 97 1.77 0.1209
8 85 1.03 0.0425
9 118 1.93 0.1822
10 40 2.34 0.1190
11 629 1.86 0.0849
12 67 0.37 0.0230

The accuracy of the ROMs was compared for cases both with and without K-means clustering of the crack database.
In the case without clustering, 1339 samples were randomly selected from the crack database as the training set, with
the remaining 446 samples used as the test set. The resulting errors for K; and K;; were 9.94% and 0.4173M Pa+m,
respectively. Evidently, these errors are demonstrably larger than the outcomes attained through the use of clustered
samples. The predictions of the fracture mechanics parameters for a new crack surface not included in the above training
and test sets were compared, as shown in Fig. 10. The results indicate that the K-means algorithm effectively clusters
the samples based on their spatial coordinates and results in more consistent predictions compared to the case without
clustering. Furthermore, the ROMs based on the crack surface, which consider the spatial position of the crack surface,
are seen to provide more accurate predictions compared to the ROMs based on the crack front curve, which is also
shown in Fig. 10.

The computational efficiency of the proposed ROM-based method is compared with that of the full-order simulation
by evaluating the average time required to calculate K; and K;; of each crack class. The results are shown in Fig. 11,
which demonstrate the significantly reduced computational time of the ROM-based method. The average time to call
the ROMs, which is approximately 1.3 seconds, is three orders of magnitude more efficient than directly using the
SGBEM-FEM coupling program (full-order model). The calculations were performed on a desktop equipped with an
Intel Core 17-6700 processor and 32 GB of memory.
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Fig. 10 Comparison of the K; and K;; prediction: full-order and reduced-order, with and without clustering,
surface-based and curve-based methods.
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Fig. 11 Comparison of the average computation time per call between the SGBEM-FEM assembly coupling
program and ROMs.
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IV. Near-Real-Time Non-Planar Crack Growth Prediction Using Reduced-Order Models
In this section, the utilization of the constructed ROM:s for online crack growth prediction is elucidated. The initial
emphasis is directed towards deterministic, near-real-time predictions of crack growth. Following this, the discussion
delves into the presentation of a Monte Carlo-based probabilistic crack growth analysis. This demonstration showcases

the proposed approach’s capacity for seamless integration into the digital twin framework.

A. Deterministic Near-Real-Time Crack Growth Prediction Based on ROMs

The process of deterministic crack growth prediction is elucidated in detail, followed by a depiction of the workflow.

The methodology for near-real-time prediction of crack growth using ROMs is outlined as follows: The crack
growth of the initial circular crack (i.e., the first instance of crack growth) is determined by utilizing the pre-calculated
K; and Kj; values. In subsequent crack growth scenarios, the existing nodes and polynomial orders within the u
and v directions are utilized for B-Spline surface interpolation. This interpolation produces isoparametric nodes and
(tcf,ncp,neg) values for each node along the crack front. The distance between the generated isoparametric node
coordinates and the mean vector of each crack cluster is computed, leading to the identification of the cluster that best
corresponds to the current crack surface. Then, the corresponding pre-trained ROMs are used to predict K; and Kj;
of the crack surface, and the crack growth direction and increment are determined. The flowchart for near-real-time

prediction of crack growth is depicted in Fig. 12.

Initial circular crack surface |

I

| Annular surface with given data points |

Obtain the isoparametric nodes of B-

Spline crack surface The mean
I vector of
(tep Mep gs) | each crack

Trained reduced-order models cluster
New crack surface | for the corresponding cluster
Determine the crack growth K, and K; at isoparametric
increment and direction nodes of crack front

Reach the specified
number of crack growth

Fig. 12 Flow chart for the near-real-time crack growth prediction.

The efficacy of the proposed method is demonstrated through a comparative analysis between the results obtained

from full-order simulations and the reduced-order model-based approach introduced in this study. To achieve this, five
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new crack growth histories are selected randomly from the load histories listed in Table 4 with different numbers of
cycles for each load type, which differ from the existing crack growth histories discussed in Section II. The evolution
of the crack front corresponding to these five distinct growth histories is computed using the SGBEM-FEM coupling
program in full-order simulation. Subsequently, the outcomes of the full-order simulations are contrasted with those

generated by the reduced-order model-based approach proposed in this paper. The comparison outcomes are presented

in Fig. 13.
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Fig.13 Comparison of non-planar crack growth predicted by the proposed reduced-order model and full-order
SGBEM-FEM coupling simulation.

The error of each growth history for testing calculated by the ROMs is determined by:
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where N, denotes the number of data points on the annular surface, k denotes the k;, growth history for the test, C
denotes node coordinates calculated by the SGBEM-FEM assembly coupling program, and C denotes corresponding
node coordinates calculated by the proposed method in this paper.

In addition, the crack surface angle error is quantified using the crack surface angle 6 [47]. This angle is defined as
the included angle between the vectors n. ¢ at the same isoparametric nodes between the final and initial crack surfaces,
as shown in Fig. 14. The computed outcomes for the first growth history in the test are illustrated in Fig. 15. The error

associated with the calculated crack surface angle is defined as follows:
1 &
0 FOM _ nROM
ef = <= > [6reM - aROM| (k=1,2,0-.5) (25)
Nf ; ’ ’

where Ny represents the number of isoparametric nodes at the crack front, and 67 OM and 9ROM denote the crack

surface angles obtained by the full-order model and reduced-order model, respectively.
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Fig. 14 Schematic diagram of crack surface angle 6.

Table 6 provides a summary of the error for each growth history in the test. The values of e? and e? for the third
growth history exhibit relatively higher errors. This discrepancy can be attributed to the circumstance where the number
of cycles in the second crack growth for this particular history extends beyond the range covered by the corresponding
values in the training set. However, it’s important to highlight that these results remain within an acceptable realm
of accuracy. In addition, the prediction results of the ROMs based on the crack front curve are also listed in Table 6.
Notably, the surface-based ROM, which comprehensively incorporates the spatial disposition of the complete crack
surface, yields more precise predictions than those predicated solely on the front curve.

Moreover, to test the ability of the reduced-order models to predict non-planar crack growth corresponding to the
load history not included in Table 4, a new load history has been tested with the load types: [4 23 5 1 3 3 5] and the
corresponding number of cycles: [31779 15368 21222 16991 35515 32736 50430 17933]. The first two load types of
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Fig. 15 Comparison of the crack surface angle by the proposed reduced-order model and full-order SGBEM-
FEM coupling simulation for the first growth history.

Table 6 The test error of the reduced-order models for the five test growth histories

Proposed surface-based Front curve-based
The number of growth history for test eg (mm) el‘? ([°hH e;j (mm) eg ([°hH
1 1.016e-3 3.474 1.394e-3  10.149
2 4.669¢-4  3.046 1.304e-3  6.418
3 2.931e-3  9.132 5.109e-3  12.689
4 1.597e-3  3.492 4.028e-3  6.930
5 5.451e-4  6.156 1.787e-3  8.709
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this load history are the same as the first two load types of the 6th load history in Table 4, and the rest of the load types
are different. A comparison of its full-order and reduced-order simulation results is shown in Fig. 16.

Observing the results, it becomes evident that the reduced-order models exhibit favorable agreement with the full-
order model when predicting the initial crack growth. However, a noticeable discrepancy arises between the reduced-
order model and the full-order simulation for the subsequent crack growth prediction. This disparity stems from the
inherent variability in the 3D space of the crack surface, which presents challenges in accurately predicting the diverse
forms of non-planar crack growth using the limited training samples available. This observation further underscores the
substantial significance of load history on the reduced-order prognosis of three-dimensional non-planar crack growth,

thereby emphasizing the necessity for in-depth exploration in subsequent investigations.
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Fig. 16 Reduced-order models predictions for a load history outside the dataset.

B. Probabilistic Crack Growth Analysis Using Monte Carlo Simulation

The ROM developed in this paper can be seamlessly integrated into a probabilistic digital twin framework for ana-
lyzing non-planar crack growth. To illustrate this integration, we provide a demonstration of performing probabilistic
non-planar crack growth analysis utilizing the ROM in conjunction with Monte Carlo methods.

In the realm of probabilistic analysis, it is imperative to account for various sources of uncertainty inherent in
crack growth prediction. These uncertainties stem from factors such as errors in SIF prediction, load measurement
inaccuracies, and material property variability.

To address SIF prediction uncertainty, the fitting error is taken into account by augmenting K; and Kj; at each
node on the crack front with Gaussian noise: K; = K; + N (0, (K]SKI )2) and K;;y = K;y+ N (0, 8%{11). Furthermore,
to incorporate the impact of load measurement errors, this study assumes that the errors follow a normal distribution
characterized by a mean value of 0 and a standard deviation of o7 = 0.5N - m. Consequently, when calculating

SIFs using Eqs. (9)-(10), the values of B and T are drawn from N (Bops, 07) and N (Tops, 07 ), where Bopg and Tpg
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represent the observed values of B and 7', respectively.
The uncertainty inherent in the fatigue model parameters is also taken into consideration. With reference to the
linear relationship between the exponent and the coefficient in the power law equation of fatigue crack growth [48], the

joint prior distribution of C and m is defined as:

logC —-12.1844 0.5 -03
~N ,

m 3.8863 -0.3 0.5
t=0

Here, log C is used instead because C is a very small value compared to other quantities.

In the Monte Carlo simulation, 2000 samples are randomly drawn from the prior distribution. Taking the seventh
load history in Table 4 as an example (in order to simulate the realistic online deploy, the number of cycles corresponding
to each load type is set to a definite value), 2000 crack growth histories are calculated.

To characterize the distribution of non-planar cracks, the characteristic size of non-planar cracks is defined as the
distance between the farthest pairs of nodes along the crack front, e.g., between nodes (1 31), (2 32), ..., (30 60) (as
shown in Fig. 17), are calculated according to [49, 50], and the maximum value is taken as the size of the current
non-planar crack.

Fig. 18 shows the probability density function (PDF) of the final 2000 crack sizes. It can be seen that the crack size
has a certain uncertainty, indicating the influence of uncertain factors on crack growth. At the same time, the PDF has a
long tail region because the crack growth rates are faster for the samples assigned with larger fatigue model parameters.
The uncertainty of this crack size distribution needs to be controlled in future studies by diagnosis in the digital twin
framework. Furthermore, it is noteworthy that while a full-order simulation for this Monte Carlo simulation would
take approximately 53 days, the ROM-based prediction presented here requires only about 5 hours, thus highlighting a

substantial improvement in computational efficiency.

Fig. 17 The distance between a set of farthest nodes on the crack front.
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Fig. 18 Probability density function of the crack size considering uncertainties.

V. Conclusions

This paper introduces a novel reduced-order modeling method that considers the entire morphology of crack sur-
faces to achieve rapid prediction of non-planar crack growth. This approach capitalizes on the synergies between the
SGBEM super element-FEM assembly coupling method for fracture mechanics simulations and the precise represen-
tation of complete crack surfaces using B-spline surfaces.

The process for constructing the reduced-order model for predicting SIFs of 3D non-planar cracks in the offline stage
is described. This process relies on a B-spline surface representation and employs a combination of K-means clustering,
principal component analysis, and Gaussian process regression. The online deployment of the ROM for deterministic
and probabilistic crack growth analysis is also showcased. A cylindrical component resembling a rotorcraft mast is
employed as a case study. The proposed method was demonstrated to have high accuracy through comparisons of
crack growth histories obtained from the reduced-order model with those obtained from the full-order simulation. The
efficiency of the reduced-order simulation was shown to be three orders of magnitude greater than that of the full-order
simulation, providing a foundation for future digital twin research.

In future studies, the proposed three-dimensional reduced-order model for non-planar crack growth will be inte-
grated with advanced damage detection techniques to form a digital twin for the diagnosis and prognosis of complex
non-planar cracks. Furthermore, the investigation of crack growth in composite structures with complex geometries

will also be a topic of interest in our future research efforts.

Appendix
In this study, the number of clusters is set to 12, as shown in Section III. Here, the impact of varying cluster
numbers is considered. Fig. 19 displays the outcomes of clustering using the K-means algorithm for 10, 11, 12, 13, and

14 clusters. Notably, it is observed that, starting from 12 clusters, the samples positioned in the upper-right corner are
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divided into two clusters.

Table 7 provides insights into the number of crack samples and the associated fitting errors of stress intensity factors
in the upper-right cluster across different cluster quantities. A significant reduction in the count of crack samples within
the upper-right cluster is noted when transitioning from 12 clusters. This reduction indicates a more rational distribution
of crack samples with distinct spatial characteristics into diverse clusters, leading to a corresponding diminution in
fitting errors for stress intensity factors.

Additionally, the upper-right cluster corresponds to the location where crack growth begins, and the precision of
training for this cluster significantly influences the prediction accuracy of subsequent crack growth stages. Conse-

quently, the number of clusters is set to 12.
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Fig. 19 Different cluster numbers generated by the K-means algorithm.
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Table 7 The number of crack samples and the fitting errors of stress intensity factors in
the upper-right cluster for different number of clusters

Number of clusters ~ Number of crack samples ek, (%) £k, (MPavm)

10 950 6.67 03114
11 941 6.67 0.3108
12 375 3.73 0.2553
13 371 3.73 0.2546
14 363 3.71 0.2527
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